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Abstract  
The hydrodynamic lubrication regime is reported to exist in numerous metal forming applications, such 
as wire drawing and hydrostatic extrusion, but it has not been achievable in the drawing of large diameter 
rods due to the relatively low drawing speeds common for larger parts.  By creating a stable fluid film 
between the workpiece and the die during the drawing process friction and die wear could be 
significantly reduced, leading to energy savings, increased achievable reductions, and increased die life.  
An analytical model of the hydrodynamic drawing process is proposed which considers the geometry 
of the workpiece and die, as well as, the material properties (including work hardening effects), and 
(temperature dependent) fluid properties to determine the fluid film thickness over the reduction die.  
This model is then used to analyze several case studies, including a proposed multiple reduction die 
with high pressure lubricant supplied to the space between the dies.  It is shown that a stable fluid film 
can be established for low drawing speeds through the combination of a multiple reduction die and 
elevated lubricant pressure in the inlet of the dies.   
 
Keywords: Hydrodynamic Lubrication, Drawing, Analytical Modeling 
1 Introduction and Motivation:   
Lubrication is a critical part of the metal forming process, as it can have effects on frictional forces, 
tool wear, material flow, and achievable reductions.  Therefore, a great deal of effort has been put into 
characterizing and predicting lubrication properties for nearly every metal forming process.  Lubrication 
in the metal forming process can be categorized into several main regimes, boundary lubrication, mixed 
lubrication, and hydrodynamic lubrication, which are differentiated by the amount of lubricating fluid 
in between the die and workpiece during the deformation process as shown in Figure 1.  Boundary 
lubrication takes place with little to no liquid lubricant between the two surfaces and, thus, the majority 
of the deformation load is carried by the surface asperities of the parts.  Hydrodynamic lubrication occurs 
when an uninterrupted liquid lubricant film is established between the tools and workpiece, which 
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results in the entire deformation load being carried by the lubricant.  Mixed lubrication occurs when the 
thickness of the fluid film is not great enough to completely separate the two surfaces, resulting in some 
of the deformation load being carried by the surface asperities of the workpiece and some of the load 
being carried by the lubricant.  The frictional stresses in the system will generally be reduced as the 
share of the load carried by the liquid lubricant increases.  This is because of the low amount of shear 
stress which is required to cause a fluid to flow, meaning that not much shear stress is created as a result 
of the difference in speeds between the workpiece and die.  Thus the hydrodynamic lubrication regime 
is attractive to metal forming processes designers hoping to reduce friction, increase tool life, and 
improve material flow (Wilson, 1978).    
 
Figure 1:  Three Main types of Lubrication in Bulk Metal Forming Processes (Basu, 2014) 
The occurrence of the hydrodynamic lubrication regime in the near net shape forming of metal parts 
is well known and has been widely studied.  In the 1950’s and 60’s it was discovered that hydrodynamic 
lubrication regime was present, or could be achieved in numerous metal forming processes.  For 
example, Christopherson and Naylor discovered how to encourage the formation of a hydrodynamic 
film in the wire drawing process by pressurizing the lubricant at the die inlet to near the yield point of 
the wire and derived relationships between the various parameters in the fluid film (Christopherson et 
al., 1955).  Once it was established that hydrodynamic lubrication was achievable in the drawing 
process, other researchers attempted to improve the equations describing the hydrodynamic film by re-
deriving them using varying assumptions and solution strategies (Tattersall, 1961) (Wilson et al., 1971) 
(Bedi, 1967).  Other continuous processes, such as extrusion (Thiruvarudchelvan, 1971, 1979, 1981), 
strip rolling (Bedi et al., 1967) (Wilson et al., 1976) (Dow et al., 1975), and even strip drawing (Bloor 
et al., 1970), were also examined under hydrodynamic lubrication conditions. In general, the film 
thickness is affected by the surface speeds, the viscosity of the lubricant, and the geometry of the 
interface.  Increasing the viscosity of lubricant results in an increase in the lubricant thickness.  
Additionally the thickness of the film can be increased by adjusting the surface velocity of the workpiece 
into a ‘sweet spot’. 
Due to the low drawing speeds which are used to mitigate the power required to draw large diameter 
parts, it is not currently possible to achieve the hydrodynamic lubrication regime in the drawing of large 
diameter parts using conventional drawing processes.  However, there is some evidence to support the 
idea that hydrodynamic film could be created in large diameter (low speed) drawing processes.  In 2013, 
Pender and Ngaile demonstrated experimentally that it was possible to establish low speed 
hydrodynamic films through the application of pressurized lubricant to a drawing die made up of several 
individual reductions (Pender et al., 2013).  If the conditions to create a stable hydrodynamic fluid film 
could be created even at the relatively low drawing speeds commonly used to draw large parts, there 
could be significant savings in energy, a reduction in the need to use harsh lubricants and conversion 
coatings, and a reduction in the die wear rate.  These benefits can significantly reduce the costs 
associated with the drawing of large diameter parts.  Therefore, the objectives of this study are to i) 
derive the equations which govern the thickness of a hydrodynamic fluid film in a multiple reduction 
drawing process with augmented inlet pressure from first principals, and ii) determine the conditions 
required to form a hydrodynamic lubrication film at low drawing speeds.     
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As one would expect the complexity of the differential equations which describe the hydrodynamic 
film in a drawing process increases immensely when the parameters that describe the workpiece, fluid, 
die are allowed to change as a function of the process variables.  Frequently, this results in the modeler 
ignoring relationships which are ‘insignificant’ to simplify the problems to the point where they can be 
solved.  In the case of hydrodynamic lubrication, the relationships which are most frequently ignored 
are i) the deformation of the structures over which the fluid is drawn, ii) out of plane fluid flow (side 
leakage), and iii) the effects of temperature on fluid properties.  However, in some cases these 
assumptions can lead to large errors in the analysis and significantly reduce the applicability of the 
derived model.   
In the case of hydrodynamic lubrication in the drawing process the plastic deformation of the 
workpiece cannot be ignored in any analysis, although the change in the flow stress as the material is 
drawn down has been frequently ignored.  Elastic deformations in the workpiece and dies are also 
ignored in most analysis and it has been shown that elastic deflections on the workpiece play little effect 
on the overall process (Bloor et al., 1970).  If the workpiece is round (as is the case in this research) side 
leakage is a non-issue because the fluid will be fully contained within the die and will truly not leak in 
the circumferential direction.  The effects of temperature are also frequently ignored, but this assumption 
while convenient, can lead to large errors in the solution (Dow et al., 1975).  It is, therefore, important 
to include its effects in the analysis of hydrodynamic lubricant films in the drawing process.  These 
effects can be difficult to ascertain due to the combination of bodies in steady state thermal conditions 
and bodies in transient thermal conditions.  Some analysis have resorted to simplifying assumptions to 
ease the analysis from the die side (Bloor et al., 1970). 
However, one must be careful when making assumptions about the thermal conditions on the die, 
workpiece, and fluid film because the lubricant film is very sensitive to changes in its temperature.  
Specifically, over estimates to the temperature in the fluid film will reduce the film thickness, leading 
to further overestimates in the film temperature due to the increase in viscous shearing.  Underestimates 
to the fluid film temperature have a similar positive feedback effect, leading to ever worsening over 
estimations of the film thickness.  It will therefore be a goal of this study to avoid assumptions 
concerning the temperatures of the various components of the system in favor of calculations which are 
based on the physics of the problem.    
2 Nomenclature  
D, Do, Df:  current workpiece diameter, original 
workpiece diameter, final workpice diameter 
cpw: specific heat of the workpiece 
h, hi: current fluid film thickness, fluid film 
thickness at the inlet to the reduction zone 
K: material strength coefficient  
m: shear friction factor 
n: strain hardening exponent 
P, Po: current fluid pressure, static fluid 
pressure at the inlet of the draw 
Q:  volumetric flow rate of the fluid 
SA/Vol:  instantaneous Surface Area to 
Volume Ratio 
t:  time required for a portion of the workpiece 
to move from one step in the solution to the 
next 
U:  current velocity of the metal  
u:  velocity of the fluid 
V: velocity of the product 
x, xo, xf:  distance along the die wall, distance 
to start of reduction zone, distance to end of 
reduction zone 
y:  distance perpendicular to the die wall 
z, zo, zf:  distance measured along the drawing 
axis, distance from origin to end of reduction 
zone, distance to start of reduction zone 
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α: half angle of the die 
β: pressure viscosity exponent  
η, ηi: fluid viscosity, fluid viscosity under no 
pressure condition 
ρw: density of the workpiece 
τ:  shear stress in the fluid film 
3 Derivation of Hydrodynamic Lubrication Model for the 
Drawing Process 
3.1 Inlet Conditions  
The inlet zone will be defined as extending from the start of the taper on the die to the onset of plastic 
deformation in the workpiece.  In this zone, the workpiece will be assumed to behave as a rigid-plastic 
material.  Thus, in the inlet zone the workpiece will behave as a rigid material of known diameter (Do).  
The change in the temperature in the fluid film in the inlet zone will be ignored because the film 
thickness is large enough in the majority of the inlet zone that the temperature rise in the fluid film due 
to viscous shearing is expected to be very small.  Due to the complicated nature of the equations 
governing a fluid film defined in cylindrical coordinates and because the thickness of the film is 
expected to be small with respect to the diameter of the rod the forces on the fluid element will be 
evaluated in rectilinear coordinates.  It will also be assumed that the fluid only flows in one direction 
(parallel to the drawing direction) and that the fluid flow is assumed to be laminar.  Because the fluid 
film is axisymmetric, the system can be reduced to a two dimensional system, as shown in Figure 2a.  
The analysis of the inlet zone follows closely with the techniques presented by Bloor et. al. (Bloor et 
al., 1970), except for the Reynolds equation must be re-derived due to the circular nature of the part.  
The horizontal axis will be the Z-axis and Z=0 will be at the line where the billet would touch the die if 
there was no fluid film.  The vertical axis will be the r-axis and r=0 will be at the center of the part.  The 
horizontal distance from the origin to the start of the taper on the die is Zi and it is assumed that the 
pressure in the fluid will remain at a constant inlet pressure (Pi) until it reaches this point.  After the fluid 
reaches the taper in the die, its pressure will begin to rise as a result of a steady decrease in the fluid film 
thickness (h) creating a wedge effect.   The thickness of the film in the inlet zone can be easily described 
with Equation 1 because both the die and workpiece behave as rigid bodies.   
݄ ൌ ܼݐܽ݊ሺߙሻ     Equation 1 
    
Figure 2:  a) Geometry in the Inlet Zone   b) Stresses Acting on a Differential Fluid Element in the Inlet Zone 
In order to determine when the inlet zone ends one must be able to determine what fluid pressure 
would cause the workpiece to yield.  If friction on the surface of the workpiece is ignored and the 
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workpiece is assumed to obey von Mises’ yield criteria this can be easily calculated as shown in 
Equation 2, where (σB) is the back stress in the workpiece and (σy) is the material’s yield stress.   
ܲ ൌ ߪ௬ െ ߪ஻      Equation 2 
In order to determine when the pressure rises high enough to yield the workpiece the equations which 
govern the fluid film in the inlet zone must be derived.  First, the forces on the fluid element must be 
determined and summed.  In this case we are concerned with the forces which act in the direction of the 
fluid flow.  These forces are 1) the normal force on the element due to pressure and 2) the shearing force 
on the element that results from the difference in velocity of film in the direction perpendicular to flow, 
as seen in Figure 2b.   Summing these forces yields Equation 3. 
Ͳ ൌ ݀ܲ כ ݀ݎ െ ݀߬ כ ݀ݖ     Equation 3 
This equation can be rearranged into the differential equation shown in Equation 4 by relating the 
shear stress to the rate of change in the fluid velocity (u) and the fluid viscosity (η).   
ௗ௉
ௗ௭ ൌ
ௗఛ
ௗ௥ ൌ ߟ
ௗమ௨
ௗ௥మ     Equation 4 
This differential equation can be solved to yield Equation 5 by applying the following stiction 
boundary conditions: 1) the speed of the fluid at the die wall (ݎ ൌ ୈ೚ଶ ൅ ) will be zero, 2) the speed of 
the fluid at the surface of the workpiece (ݎ ൌ ୈ೚ଶ ) will be equal to the speed of the workpiece.  The speed 
of the workpiece can be given by Equation 6, where V is the drawing speed of the product and ܦ௙  is the 
final diameter of the workpiece.   
ݑሺݎሻ ൌ 
೏ು
೏೥௥మ
ଶఎ െ
ଵ
ଶ ሺ
ௗ௉
ௗ௭ ܦ௢݄ ൅
ௗ௉
ௗ௭ ݄ଶ ൅ ʹݒߟሻ כ
௥
ఎ௛ ൅
ଵ
଼
ቀ଼௩ఎ௛ା೏ು೏೥஽೚మ௛ାଶ஽೚
೏ು
೏೥௛మାସ஽೚௩ఎቁ
ఎ௛        
 Equation 5 
ݒ ൌ ܸ ቀ஽೑஽೚ቁ
ଶ
     Equation 6 
Now that the expression for the speed of the fluid has been derived, it can be integrated over the 
annulus that is perpendicular to the flow direction to obtain an expression for the flow rate as shown in 
Equation 7 (this equation is also referred to as the integrated form of the Reynold’s equation).  It should 
be noted that the flow rate of fluid is a function of fluid viscosity, fluid pressure, and the film thickness. 
ܳ ൌ ׬ ʹߨݎݑ݀ݎ
ವ೚
మ ା௛ವ೚
మ
ൌ െ
భ
భమగ௛൫஽೚௛మା௛య൯
೏ು
೏೥
஗ െ
ଵ
ଵଶ ߨ݄ሺെ͸ܦ݋ݒ െ Ͷݒ݄ሻ   Equation 7 
The expression for the flow rate should be rearranged to give an expression of the pressure in the 
film as a function of the fluid viscosity, flow rate, and the film thickness.   
ௗ௉
ௗ௭ ൌ ʹɄ
൫ଷగ௛௩஽೚ାଶగ௛మ௩ି଺ொ൯
గ௛యሺ஽೚ା௛ሻ      Equation 8 
Due to the high pressures observed in the fluid film the viscosity of the fluid cannot be considered 
constant throughout the inlet zone.  The viscosity of the fluid will be assumed to be defined as shown 
in Equation 9, where ηi is the viscosity (N-s/m2) of the fluid at atmospheric pressure and room 
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temperature, P is the pressure (Pa) in the fluid film, and β is the pressure viscosity exponent (1/Pa).  
Thus the pressure in the film can be given by Equation 10. 
Ʉ ൌ Ʉ௜ஒ୔     Equation 9 
ௗ௉
ௗ௭ ൌ ʹɄ௜ஒ୔
൫ଷగ௛௩஽೚ାଶగ௛మ௩ି଺ொ൯
గ௛యሺ஽೚ା௛ሻ     Equation 10 
It is desirable to remove the exponential term from the above expressions so that pressure 
boundary conditions can be applied without significantly complicating the equations.  To do this the 
expression for the pressure should be multiplied by ିஒ୔, as was done by Bloor et. al.( Bloor, 1970).  
This results in Equation 11.   
ିஒ୔ ௗ௉ௗ௭ ൌ ʹɄ௜
൫ଷగ௛௩஽೚ାଶగ௛మ௩ି଺ொ൯
గ௛యሺ஽೚ା௛ሻ     Equation 11 
In order to finish removing the exponential term, new variable will be defined according to Equation 
12 and Equation 13. 
ݍ ൌ ଵఉ ൫ͳ െ ݁ିఉ௉൯      Equation 12 
ௗ௤
ௗ௭ ൌ ݁ିఉ௉
ௗ௉
ௗ௭        Equation 13 
Equation 13 can then be substituted into Equation 11 to arrive at Equation 14.  In order to solve this 
differential equation it is necessary to rewrite this equation using equation 1 so that the h terms are 
replaced with z terms, as shown in Equation 15. 
ௗ௤
ௗ௭ ൌ ʹɄ௜
൫ଷగ௛௩஽೚ାଶగ௛మ௩ି଺ொ൯
గ௛యሺ஽೚ା௛ሻ      Equation 14 
ௗ௤
ௗ௭ ൌ
ଶ஗౟൫ଷగ௧௔௡ሺఈሻ௭௩஽೚ାଶగ ୲ୟ୬ሺఈሻమ௭మ௩ି଺ொ൯
గ௧௔௡ሺఈሻయ௭యሺ஽೚ା௧௔௡ሺఈሻ௭ሻ     Equation 15 
Now the differential equation can be solved using the boundary condition (Equation 16), however, 
the solution is quite complicated and long so it will not be presented.  The reader is encouraged to use 
an algebra engine to derive the expression themselves.    
ܲሺܼ௜ሻ ൌ ௢ܲ ՜ ݍሺܼ௜ሻ ൌ ଵఉ ൫ͳ െ ݁ିఉ௉೚൯    Equation 16 
The solution to the differential equation gives q as a function of z and the flow rate and should be 
rearranged using Equation 1 to replace the z terms with h terms.  In order to determine the thickness of 
the film at the onset of plastic yielding one needs to convert the yielding pressure given in Equation 2 
to q using Equation 12.  This can be used to relate the film thickness at the end of the inlet zone to the 
flow rate of the fluid.  Unfortunately, another equation is needed to determine the film thickness at the 
onset of plastic yielding.  Bloor et al obtain this equation by assuming that the velocity in the film varies 
linearly from the die wall to the workpiece (Bloor et al., 1970), however, this assumption breaks down 
for large film thickness, very soft workpieces, and fluids with low viscosity.  In order to improve the 
accuracy of the model, the required equation will instead come from the equations describing the fluid 
film in the deformation zone, as outlined in the following section.   
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3.2 Deformation Zone Conditions  
3.2.1 Yield Condition  
In order for the fluid to establish a stable film over the workpiece during deformation the film must 
produce sufficient pressure to yield the workpiece.  Additionally because of the small size of the fluid 
film, it is not expected to greatly affect the material’s strain at a particular position in the die.  This leads 
us to the assumption that the pressure in the fluid film can be determined through the material yield 
criteria.  This is not done in most models which deal with hydrodynamic lubrication of drawn or 
extruded parts, but will be adopted here due to several advantages.  Chiefly, this assumption allows the 
model to be easily modified to handle various workpiece materials and strain hardening functions.  It 
has the added benefit of making the derivation of film thickness much simpler, by reducing the number 
of unknowns that need to be determined from three to two.  To this end, slab analysis was used to find 
the pressure required to cause the material to yield at each point in the die.  It should be noted that this 
analysis ignores dynamic effects in the deformation process and redundant strain in the workpiece. 
An example of several pressure profiles generated for various friction factors in this fashion are 
shown in Figure 3.  Note that the diameter for which the yielding pressure is zero represents the 
maximum achievable reduction for the given friction condition, as the drawing stress alone is enough 
to cause yielding in the product.  Furthermore, it is important to recognize that the pressure required to 
continue plastic deformation is not the same as the flow stress of the material; it controls only one portion 
of the stress state.  In general, the pressure decreases as the workpiece is drawn down due to the 
increasing axial stress in the material.  The peaks in the curves in Figure 3 occur due to the material’s 
flow stress increasing faster than the axial stress builds. 
 
Figure 3:  Lubricant Pressure Distribution Derived for an Aluminum Workpiece (K=200MPa n=0.2), for various 
Shear Friction Factors 
3.2.2 Fluid Film Equations  
The geometry used in this zone is defined in Figure 4a.  The coordinate system used in this zone is 
defined so that the x axis lies along the die wall and position of x=0 is at the apex of the cone which 
makes up the reduction zone of the die.  The y axis is perpendicular to the x axis and points towards the 
center of the workpiece and a y value of 0 represents the die wall.  Now that the pressure distribution in 
the film has been determined it is possible to determine the thickness of the film in the deformation zone 
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as a function of the x-position along the die.  To do this, it is once again assumed that the thickness of 
the film will be very small in comparison to the diameter of the workpiece, so the curvature of the 
differential fluid element can be ignored.  Additionally, surface of the workpiece is assumed to be 
essentially parallel to the surface of the die.  Thus, the thickness of the fluid film is given by the y 
distance from the die wall to the surface of the workpiece. The flow is assumed to be axisymmetric and 
is assumed to be in the –x direction only, with no flow in the θ or y directions.   
As was done in the inlet zone, the forces acting in the direction of flow on the differential fluid 
element, shown in Figure 4b, must be summed to arrive at Equation 30, which can be expanded into the 
differential equation shown in Equation 31.   
  
Figure 4:  a) Geometry and Coordinate System used in the Reduction Zone of the Die b) Differential Fluid 
Element used in the Deformation Zone 
Ͳ ൌ ݀ܲ כ ݀ݕ െ ݀߬ כ ݀ݔ    Equation 30 
ௗ௉
ௗ௫ ൌ
ௗఛ
ௗ௬ ൌ ߟ
ௗమ௨
ௗ௬మ     Equation 31 
This differential equation can be solved by using the stiction boundary conditions shown in 
Equations 32 and 33, U is the current speed of the workpiece given by Equation 34.  The solution to 
Equation 31 gives an expression for the speed of the fluid, as shown in Equation 35.   
ݑሺݕ ൌ Ͳሻ ൌ Ͳ    Equation 32 
ݑሺݕ ൌ ݄ሻ ൌ ܷ    Equation 33 
ܷ ൌ ቀ
ವು
మೣೞ೔೙ሺഀሻቁ
మ
௏
௖௢௦ሺఈሻ     Equation 34 
ݑ ൌ 
೏ು
೏ೣ൫௬మି௛௬൯
ଶఎ ൅
௎௬
௛     Equation 35 
Now, the flow rate of the fluid through the deformation zone can be determined by integrating the 
speed the flow over the area between the die and the workpiece, as shown in Equation 36.  The π and x 
term appear in this equation because the curvature of the differential area was considered to account for 
the shrinking of the differential area segment with reduction in the die’s diameter.  Carrying out the 
integration in Equation 36 leads to Equation 37. 
ܳ ൌ ׬ ʹߨ ሺߙሻ ݔݑ݀ݕ௛଴     Equation 36 
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ܳ ൌ గ௦௜௡ሺఈሻ௫ቀ
೏ು
೏ೣቁ௛య
ଷఎ ൅ ߨݏ݅݊ሺߙሻݔ ቆ
௎
௛ െ
ቀ೏ು೏ೣቁ௛
ଶఎ ቇ ݄ଶ  Equation 37 
Now that the flow rate in the reduction zone has been determined as a function of the film thickness, 
the thickness of the film at the onset of yielding must be determined.  To do this, an expression for the 
flow rate as a function of the film thickness at the start of the deformation zone must be determined.  
This is accomplished by replacing the variable x with the value of x at the beginning of the deformation 
zoneቀ ஽௢ଶ௦௜௡ሺఈሻቁ, which results in Equation 38.  This expression can be equated with the flow rate in the 
inlet zone at the onset of plastic yielding to determine the initial thickness of the fluid film in the 
reduction zone.  This will be an important boundary condition for determining the film thickness in the 
remainder of the deformation zone.   
ܳ ൌ
ߨݏ݅݊ሺߙሻ ൬ ܦ݋ʹݏ݅݊ሺߙሻ൰ ቀ
݀ܲ
݀ݔቁ݄ଷ
͵ߟ ൅ ߨݏ݅݊ሺߙሻ ൬
ܦ݋
ʹݏ݅݊ሺߙሻ൰ቌ
ܷ
݄ െ
ቀ݀ܲ݀ݔቁ ݄
ʹߟ ቍ݄
ଶ 
Equation 38 
3.2.3 Film Thickness in the Reduction Zone  
Now that the thickness and flow rate at the transition between the inlet zone and the reduction zone 
are known, it is possible to determine the thickness of the fluid film anywhere in the reduction zone.  
This is because the mass and, by extension, the volume of the fluid of the fluid must be conserved 
because the fluid is incompressible.  This leads to the conclusion that the derivative of the flow rate with 
respect to the direction of flow (x) must be zero everywhere.  So by taking the derivative of the flow 
rate, setting it equal to zero, and rearranging so that the  
ௗ௛
ௗ௫ terms are consolidated one arrives at Equation 
39.  This differential equation describes the change in film thickness as a function of the x position, the 
derivatives of the fluid pressure, the viscosity and its derivative, and the current fluid film thickness.  
Recall that the pressure and its derivatives are taken from the pressure profile determined in the slab 
analysis of the workpiece in section 3.2.1.   
݄݀
݀ݔ ൌ ൮െߨݏ݅݊ሺߙሻ ൬
݀ܲ
݀ݔ൰
݄ଷ
͵ߟ െ ߨݏ݅݊ሺߙሻݔ ቆ
݀ଶܲ
݀ݔଶቇ
݄ଷ
͵ߟ ൅ ߨݏ݅݊ሺߙሻݔ ൬
݀ܲ
݀ݔ൰ ݄
ଷ
൬݀ߟ݀ݔ൰
͵ߟଶ 
െ ߨݏ݅݊ሺߙሻ ൬െ ൬݀ܲ݀ݔ൰
݄
ʹߟ ൅
ܷ
݄൰ ݄
ଶ
െ ߨݏ݅݊ሺߙሻݔ ൮െ
൬݀
ଶܲ
݀ݔଶ൰ ݄
ʹߟ ൅
ቀ݀ܲ݀ݔቁ ݄ ൬
݀ߟ
݀ݔ൰
ʹߟଶ െ
ʹܷ
ݔ݄൲݄
ଶ൲ Ȁሺ
ߨݏ݅݊ሺߙሻݔ ቀ݀ܲ݀ݔቁ ݄ଶ
ߟ
൅ ߨݏ݅݊ሺߙሻݔሺെ
ቀ݀ܲ݀ݔቁ
ʹߟ െ
ܷ
݄ଶሻሻ݄
ଶ ൅ ʹߨݏ݅݊ሺߙሻݔሺെ
ቀ݀ܲ݀ݔቁ ݄
ʹߟ ൅
ܷ
݄ሻ݄ሻ 
Equation 39 
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3.2.4 Temperature Considerations 
In order to solve the differential equation presented in Equation 39 a numerical technique is used.  
Specifically, a forward Euler technique can be employed to approximate the thickness of the film at any 
point in the reduction zone.  However, due to the temperature dependent changes in the fluid viscosity, 
solving for the lubricant film thickness is more involved than simply setting up the problem and 
marching the solution from one end of the die to the other. Obtaining an accurate solution necessitates 
the determination of the temperature in the fluid film at each point in the die.  This is done by first using 
information about the previous step in the solution to determine the power generated in the lubricant per 
unit volume due to viscous shearing in the current step.  The power generated in the fluid film is a 
function of the shearing force acting on the surface of the workpiece and the velocity of the product, as 
shown in Equation 40.  This information is then used to solve the one dimensional steady state heat 
conduction equation (once again in rectilinear coordinates) across the fluid film.  The solution to this 
equation is given in Equation 41, where ௪ܶ is the temperature of the workpiece, ௗܶ is the temperature 
of the die, ݍ௚௘௡ is the power per unit volume dissipated due to viscous shearing, and ݇ is the thermal 
conductivity of the lubricant.   
ݍ௚௘௡ ൌ ߟܸ߬ ௌ஺௏௢௟ ൌ ߟ
ௗ௨
ௗ௬ ܸ
ௌ஺
௏௢௟ ൌ
ఎ௎௏
௛
ௌ஺
௏௢௟   Equation 40 
ܶሺݕሻ ൌ െ ௤೒೐೙௬మଶ௞ െ
൫ିଶ்ೢ ௞ି௤೒೐೙௛మାଶ்೏௞൯௬
ଶ௛௞ ൅ ௗܶ  Equation 41 
The temperature at which the fluid properties will be evaluated for the next step will be the average 
lubricant temperature for the current step, which can be obtained by integrating Equation 41 over 
thickness of the film, as shown in Equation 42. 
௔ܶ௩௚ ൌ ଵ௛ ׬ ܶሺݕሻ݀ݕ
௛
଴ ൌ
௤೒೐೙௛మା଺்ೢ ௞ା଺்೏௞
ଵଶ௞    Equation 42 
The die and workpiece temperature are taken from the previous step, but must be updated to reflect 
the heat transferred to and from them through conduction across the lubricant film during each step.  
The power delivered/removed from the die and workpiece can be found by taking the derivative of the 
temperature distribution given in Equation 41.  Equation 43 and 44 give the power transferred to/from 
the die and workpiece, respectively.   
ݍௗ௜௘ ൌ ݇ ௗ்ௗ௬ ൌ െ
ିଶ்ೢ ௞ି௤೒೐೙௛మାଶ்೏௞
ଶ௛     Equation 43 
ݍ௪௢௥௞௣௜௘௖௘ ൌ െ݇ ௗ்ௗ௬ ൌ ݍ௚௘௡݄ ൅
ିଶ்ೢ ௞ି௤೒೐೙௛మାଶ்೏௞
ଶ௛    Equation 44 
The change in the workpiece temperature over the current step can be determined by taking an 
energy balance over for the segment of the workpiece being drawn in the current step.  For the purposes 
of this analysis heat transfer between adjacent segments of the workpiece has been ignored due to much 
larger temperature gradient that exists between the workpiece and die.  Thus, the change in the 
workpiece temperature is given in Equation 45, where ݐ is the amount of time it takes for the workpiece 
to move from the previous step to the current step, 
ௌ஺
௏௢௟ is the surface area to volume ratio of the workpiece 
segment being examined, and ௣ܹ is the amount of plastic work per unit volume generated in the 
workpiece for the current step.  The plastic work is determined by integrating the stress strain curve 
from the strain in the previous step to the strain in the current step, as shown in Equation 46. 
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ο ௪ܶ ൌ
௤ೢ೚ೝೖ೛೔೐೎೐ቀೄಲೇ೚೗ቁ௧ାௐ೛
ఘೢ௖೛ೢ     Equation 45 
௣ܹ ൌ ׬ ߪሺߝሻ݀ߝఌ
೔శభ
ఌ೔      Equation 46 
The temperature on the surface of the die is more difficult to define since it remains in place as the 
workpiece moves through it.  This means that it reaches some steady state temperature, because, unlike 
the workpiece, there is ample time for the heat to spread throughout the die.  Thus the temperature on 
the surface of the die cannot be determined in a stepwise fashion.  To surmount this problem, the die 
surface temperature will be determined in an iterative fashion.   
For the first iteration, a reasonable temperature profile will be assumed.  The inlet temperature of 
the die is a good guess as the heating that occurs as a result of the drawing will likely cause this 
temperature to be a lower bound for the die temperature.  The film thickness is then determined using 
this guess for the film temperature and the heat flux into/out of the die for each step is recorded.  A finite 
difference model of the die is created for which the boundary condition on the surface of the die is taken 
as the heat flux determined in the stepwise solution for the lubricant film thickness.  Using the finite 
difference method the steady state temperature distribution in the die is determined and used to make a 
new guess for the die surface temperature.  This process is repeated until the steady state temperature of 
the die converges.   
 
Figure 5:  Flow Chart for the Solution Scheme Posed to Solve for the Lubricant Film Thickness in the Reduction 
Zone of a Drawing Die 
Thus, through the use of a stepwise process to determine the thermal and physical state of the 
lubricant film and the workpiece, and an iterative process to determine the temperature distribution in 
the die, a complete thermal and physical picture of the hydrodynamic drawing process is obtained.  This 
process is summarized in the flow chart in Figure 5.  To the best of the author’s knowledge this technique 
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of determining the thermal conditions acting on the lubricant has not been posed in any other analytical 
models of hydrodynamic lubrication in the drawing process, let alone any other metal forming process.  
This is likely due to the fact that this area of research has not been seriously addressed in the last 30-40 
years and with the advancement of computing power in this time, solution schemes that were not feasible 
when the models were first being developed are now very much applicable.  The analytical model 
presented in this paper is extremely flexible and is applicable to a wide variety of drawing processes, as 
it can be adjusted to account for a wide range of drawing speeds, die geometry, material and lubricant 
properties, flow stress definitions , and thermal conditions.   
4 Case Studies 
To demonstrate the solution scheme a case study will be examined.  The fluid film will be simulated 
for the drawing of an aluminum rod (K=200 MPa, n=0.2, ߪ௬=70 MPa, cp= 1800 ௞௃௞௚௄, ρ= 857
௞௚
௠య) from 
50mm to 30mm.  The velocity of the product will be set to 1m/s, the die half angle will be 10°, and the 
inlet length will be set to 50mm.  No augmenting pressure will be supplied to the lubricant in the inlet 
zone.  The lubricant will be considered a fully formulated, naphthenic industrial oil whose viscosity is 
given by Equation 47 where T is the temperature above the temperature in the inlet zone, ߟ௜ ൌ ͻ͵ כ
ͳͲିଷ ேכ௦௠మ , Ⱦ ൌ ʹǤͻ כ ͳͲି଼
௠మ
ே , and Ɂ ൌ ͲǤͲ͸ʹͷ
ଵ
௄ .  The conductivity of the lubricant and die were 
considered to be 0.12 and 60.5 
ௐ
௠௄, respectively. The shear friction factor used to determine the pressure 
in the fluid film was set to 0.035, which resulted in the pressure profile defined in Equation 48.  For the 
finite difference analysis of the die the outer diameter of the die was considered to be 0.2 m and the die 
was considered to have a land with a length equal to 10% of the length of the reduction zone.  A 
convective heat transfer coefficient of 1000 
ௐ
௠మ௄ was applied to the outside surface of the die.  The finite 
difference analysis discretized the die into 64 equal radial steps and 64 equal axial segments.   
ߟ ൌ ߟ௜̰݁ሺߚܲ െ ߜܶሻ     Equation 47 
ܲ ൌ ܽ଴ ൅ ܽଵݔ ൅ ܽଶݔଶ ൅ ܽଷݔଷ ൅ ܽସݔହ ൅ ܽହݔହ ൅ ܽ଺ݔ଺  Equation 48 
Where ܽ଴ through ܽ଺ are given in Table 1. 
Table 1:  Polynomial Coefficients used to define the Pressure Profile 
a0 a1 a2 a3 a4 a5 a6 
-1.6161e11 8.8715e12 -2.0227e14 2.4498e15 -1.6614e16 5.9811e16 -8.9317e16 
 
The thickness and temperature rise in the fluid film predicted by the model over the reduction zone 
are given in Figure 6.  The thickness of the film is small, below 200 nm, over the entire length of the 
reduction zone due to the low speed of the drawing process.  The overall rise in the temperature of the 
lubricant was 70°C, which is quite large and would have a definite impact on the properties of the fluid.  
The reduction in the thickness of the lubricant film is a product of the reduced viscosity of the oil due 
to the temperature rise in the fluid and the increasing surface velocity of the workpiece as the draw 
continues.  The predicted fluid film thickness is likely below the surface roughness of the workpiece, so 
the lubrication regime for this example would likely fall in to the mixed lubrication category.  A method 
of augmenting the thickness of the fluid film is required. 
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 Figure 6:  Thickness and Temperature in the Fluid Film Predicted by the Analytical Model of the Hydrodynamic 
Drawing Process with no Inlet Pressure  
The most obvious method of increasing the fluid film thickness is to increase the drawing speed.  
This has the effect of increasing the initial film thickness, which increases the thickness of the lubricant 
film further into the reduction zone.  By increasing the drawing speed from 1 to 10
௠
௦  the model predicts 
that the film thickness can be increased by an order of magnitude (as shown in Figure 7a).  However, 
this increased film thickness requires that the 10 times more power be supplied to the process, which 
may be a problematic for processes which are already power intensive due to their size.   
It is well known that pressurizing the lubricant in the inlet zone can have an augmenting effect of 
hydrodynamic lubrication films 0.  To investigate the effect of increasing the supply pressure of the 
lubricant, the first simulation was run through the mathematical model again, but this time an 
augmenting pressure of 60 MPa was added to the inlet zone.  The results of this simulation are shown 
in Figure 7b.  Clearly, the thickness of the fluid film has been greatly increased, with the film thickness 
in this simulation being about 10 times thicker than the film thickness in the unpressurized simulation.  
The addition of an inlet pressure seems to be a promising way of ensuring that a hydrodynamic film can 
be established, but the rapid drop in the thickness of the film as the workpiece is reduced still needs to 
be addressed to ensure that a hydrodynamic film can be established over the entirety of the reduction 
zone.  Another problem that must be worked out is how to maintain a highly pressurized fluid in the 
inlet zone of the die.   
   
Figure 7:  Thickness and Temperature in the Fluid Film for a) no Inlet Pressure and Increased Velocity and b) 
Elevated Inlet Pressure 
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4.1 Extension to multiple reduction dies 
Due to the shrinking of the fluid film thickness over the length of the die, the film thickness may not 
be sufficient to completely separate the die and workpiece surfaces over the entirety of the reduction 
zone.  If this occurs, the assumption that there is a stable fluid film on the surface of the part does not 
hold and the lubrication regime will fall into the mixed lubrication region.  In order to avoid this, the die 
can be split into multiple separate reduction zones, between which pressurized lubricant can be supplied 
to refresh and strengthen the fluid film.  Another advantage of this multiple die design is that after the 
first die is passed the plastic deformation of the workpiece in the previous die segments creates a high 
pressure seal which can be used to maintain the high lubricant pressure desired in the inlet zone of the 
following dies. The die set shown in Figure 8 is an example of a die set which is capable of providing 
pressurized lubricant to multiple individual die segments.   
 
Figure 8:  Multiple Reduction Drawing Die Capable of Supplying Pressurized Lubricant to the Die Segments 
(Pender et al., 2013) 
The first die section will not be supplied with pressurized fluid because there is no way to obtain a 
high quality seal on the undeformed rod.  Every section after the first section can be pressurized due to 
the plastic deformation of the workpiece creating a sealing effect.  The major limit to the fluid pressure 
which can be supplied to the inlet zones of the die is that the pressure cannot be greater than the yielding 
pressure of the material in the inlet zone, as this would cause yielding at the exit of the previous die and 
prevent the rod from being pulled through.   Additionally, the die designer must ensure that the 
temperature of the drawing dies is maintained as near to room temperature as possible in order to achieve 
the maximum possible film thickness for a given process.  This ensures that the viscosity of the lubricant 
is as large as possible during the drawing of the rod.   
By applying the analytical model presented in the previous sections to each of the individual 
sections, the model can be easily extended to account for the proposed multiple reduction die.  Because 
there is no deformation between the die segments, the drawing stress from one section can be considered 
the back stress in the inlet zone of the next section and yielding pressure will not change from the end 
of one segment to the start of the next.  Therefore, the stress state in each of die segments is identical to 
the stress state in a corresponding section of a die which completes the entire reduction of the part in 
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one step.  Thus, the pressure in the fluid film is not dependent on the number of dies in the process, but 
on the current reduction of the workpiece.  Because the film pressure on the workpiece is easy to find 
for all the die segments, the only additional information the designer needs to provide to extend the 
model to multiple consecutive reductions is the diameter of the workpiece at the start and end of each 
reduction and the applied fluid pressure in the inlet of each section. 
As a demonstration of the model’s applicability to a die set with multiple consecutive reductions, a 
case study will be presented.  The workpiece properties, fluid properties, and other model parameters 
were kept the same in this example as in the first case study, except for the die was segmented into 3 
separate reductions.  The first die reduces the workpiece from 50mm to 47.5mm, the second reduces the 
workpiece to 40mm, and the third to 30mm.  The static pressure applied to each of the die segments is 
0 MPa for the first section and 60 MPa for the second and third sections.  The workpiece temperature is 
carried over from die to die and the temperature of the lubricant in the inlet zone of each die is taken to 
be the current temperature of the workpiece.  The simulation of the lubricant film using this information 
produced the results summarized in Figure 9a.   
The segmentation of the die into three dies and the application of pressurized lubricant to the last 
two segments has served to increase the thickness of the fluid film greatly, but there is a significant drop 
in the thickness of the lubricant over the third die.  This drop would likely cause the lubrication regime 
to fall out of the hydrodynamic regime into the mixed regime, and must be corrected to ensure that a 
stable lubricant film may be maintained.  It is also worth noting that the temperature in the fluid film is 
significantly less for the multiple reduction die than it was for the single die.  This is due to the splitting 
of the dies providing additional surfaces for the dies to be cooled and serves to increase the thickness of 
the fluid film by better maintaining the viscosity of the lubricant.   
By optimizing the pressure supplied to the lubricant in the inlet zone of each die, the hydrodynamic 
lubrication process may be induced in all of the non-sealing die sections.  For example by increasing 
the inlet pressure in the third die segment from 60 MPa to 90 MPa in the previous case study, the 
lubricant film thickness can be bolstered significantly over the last die, as shown in Figure 9b.  In this 
case, adding the highly pressurized third reduction die prevents the film thickness from dropping below 
the 2 µm mark, but the technique could be adjusted to produce larger films if necessary.   
    
Figure 9:  Thickness and Temperature in the Fluid Film Predicted for a Drawing Process with 3 Reductions 
60MPa Pressurized Lubricant Supplied to the Second Die and a) 60MPa Inlet Pressure for the Third Die b) 
90MPa Inlet Pressure for the Third Die 
This suggests that through proper optimization of the die geometry and supplied pressure, lubricant 
films of sufficient thickness to establish hydrodynamic lubrication may be established in low speed 
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drawing processes.  To determine the number of segments that need to be used the designer needs only 
define the minimum acceptable film thickness and add die segments to the process every time the 
minimum film thickness is violated.  This is a process which lends itself well to automation so the only 
real variables that the designer needs to manipulate during the optimization of a particular drawing 
process are the lubricant properties, the pressure in the inlet zones of each die, and the die half angles.   
5 Conclusions 
In order to determine the feasibility of creating a hydrodynamic film in a low speed drawing process, 
an analytical model describing the lubricant film thickness in the reduction zone was derived.  The 
model was then applied to several different case studies, including: i. conventional drawing, ii. drawing 
with a pressurized inlet zone, and iii. drawing using a multiple reduction die and pressurized inlet zones.  
The following conclusions were drawn from the study. 
i. Through the application of a multiple reduction die and pressurized lubricant in the inlet 
zone, the thickness of the lubricant film can be greatly increased, even at low speeds. 
ii. Splitting the die into multiple reductions allows the designer to reestablish a large film 
thickness and counteract the tendency for the film thickness to collapse as the reduction of 
the workpiece increases.   
iii. The analytical model derived in this study is extremely flexible, when compared to 
previously created analytical models, and can rapidly determine the lubricant film 
thickness, as well as, the temperature in the die, workpiece, and fluid film, at any point in 
the reduction zone for a wide range drawing conditions. 
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